Abstract. We study the skew-symmetric prolongation of a Lie subalgebra g ⊆ so(n), in other words the intersection Λ 3 ∩ (Λ 1 ⊗ g). We compute this space in full generality. Applications include uniqueness results for connections with skew-symmetric torsion and also the proof of the Euclidean version of a conjecture posed in [21] concerning a class of Plücker-type embeddings. We also derive a classification of the metric k-Lie algebras (or Filipov algebras), in positive signature and finite dimension. Prolongations of Lie algebras can also be used to finish the classification, started in [16] , of manifolds admitting Killing frames, or equivalently flat connections with 3-form torsion. Next we study specific properties of invariant 4-forms of a given metric representation and apply these considerations to classify the holonomy representation of metric connections with vectorial torsion, that is with torsion contained in Λ 1 ⊆ Λ 1 ⊗ Λ 2 .
Introduction
Let (M n , g) be an oriented Riemannian manifold of dimension n. A G-structure on M consists in a reduction of the frame bundle of (M n , g) to a Lie subgroup G ⊆ SO(n). While this is an interesting object by itself, it appears naturally in the context of many partial differential equations where it is often additionally equipped with a connection preserving the G-structure, generally with non-vanishing torsion. Without further assumptions this is known to be fairly unrestrictive [28] . Sometimes the reduction of the frame bundle of (M n , g) is realised by means of the isotropy group of a tensor field on M of specific algebraic type, as required for instance by models in string theory [41] . When combining the classification of G-structures with the study of the torsion tensor of a given G-connection (see [11, 26, 12] for instance) it is possible to distinguish several types of geometries. An approach to the classification of each type could be through the study of the holonomy of the G-connection involved.
In the case of connections of Levi-Civita or torsion-free type powerful classification results (see [8, 9, 36] ) are available and each of the resulting geometries e.g. Kähler, Calabi-Yau, quaternion-Kähler, Joyce manifolds is in the mainstream of current research. The theory of connections with non-vanishing torsion is less well established and many classical results from Riemannian holonomy theory fail to hold, such as the deRham splitting theorem.
In this paper we shall mainly consider metric connections with skew-symmetric or vectorial torsion on (M n , g), meaning that their torsion is assumed to be in
respectively. These classes are labeled W 1 and W 3 and shall be given a more detailed description later on. There are situations when the class W 1 emerges naturally from a specific class of G-manifolds such as nearly-Kähler [25, 37] or Spin(7)-structures [31] , for instance. Concerning the class W 1 we wish to address the question of uniqueness when the holonomy representation is fixed, that is if the requirement on a connection D in the class W 1 to have holonomy contained in a fixed Lie subgroup G ⊂ SO(n) implies its uniqueness. Note that such a connection might not always exist, and that the uniqueness problem has been solved for those representations arising as Riemannian, non-locally symmetric holonomies in [31, 22, 23] , as well as for the irreducible representations of SO (3) and P SU(3) in dimensions 5 and 8 respectively [7, 38] . To treat the general case we will consider, for a given faithful representation (g, V ) of a Lie algebra on an Euclidean vector its skew-symmetric prolongation Λ 3 V ∩ (Λ 1 V ⊗ g) = {T ∈ Λ 3 V : X T ∈ g, for all X ∈ V }.
We are able to compute explicitly this space as follows.
Theorem 1.1. Let (g, V ) be a faithful and irreducible representation of a Lie algebra onto an Euclidean space. If g is proper then either:
is the adjoint representation of a compact, simple Lie algebra, when
) is 1-dimensional, generated by the Cartan form of g.
We also show how this can be used to compute the skew-symmetric prolongation of an arbitrary orthogonal representation. As a direct application of Theorem 1.1 we obtain that: Theorem 1.1 has a few other applications we shall briefly describe now. The first consists in the explicit description of the holonomy of connections with constant torsion in flat space, or equivalently of holonomy algebras generated by a 3-form, a study initiated in [2] . We prove: ♯ : X ∈ V } of so(V ) acts irreducibly on V then either
V ) is the adjoint representation of a compact simple Lie algebra with T is proportional to its Cartan form.
Here ♯ : Λ 2 V → so(V ) is the linear isomorphism induced by the metric g above. Closely related is the problem (see [16] ) of classifying Riemannian manifolds (M n , g) which admit a Killing frame, that is an orthonormal frame {ζ i , 1 ≤ i ≤ n} such that ζ i is a Killing vector field for the metric g for all 1 ≤ i ≤ n. The existence of a Killing frame implies that (M n , g) carries a flat metric connection with 3-form torsion and the converse is true if M is simply connected (see [16] ). Examples include flat spaces, Lie groups equipped with a bi-invariant metric and also S 7 with its canonical metric. In the latter case a Killing frame is obtained by restricting the octonian multiplication to S 7 . Moreover, it was shown in [16] that apart from these examples the only simply connected, complete Riemannian manifold which might carry a Killing frame is the symmetric space SU(2m)/Sp(m), m ≥ 2. Making use of Theorem 1.3 we are able to exclude this instance and prove: Theorem 1.1 can also be used to study a class of Plücker type relations [21] , having their origins in the study of maximally supersymmetric solutions of ten and eleven dimensional supergravity theories [20] . Note that these require the flatness of a spinorial connection obtained by modifying the Levi-Civita connection by a differential form of arbitrary degree. We confirm the Euclidean case of the conjecture in [21] by proving:
) be a Euclidean vector space and let
the form T is decomposable i.e it is an orthogonal sum of simple forms.
Here the reader is referred to Section 2 for unexplained notation. We also obtain a classification of the so-called n-Lie (or Filipov) algebras, starting from the observation [21] that those are in 1 : 1 correspondence with the Plücker relations mentioned above. In the case of neutral signature, examples where Theorem 1.5 fails to hold for a class of 4-forms have been constructed in [14] .
In the second part of the paper we classify the holonomy of metric connections with vectorial torsion. More precisely we look at Riemannian manifolds (M n , g) equipped with a metric connection D of the form
where ∇ is the Levi-Civita connection of the metric g and θ is a 1-form on M. The triple (M n , g, D) will be called closed if θ is closed, that is dθ = 0. The main class of examples in this direction is obtained when (M n , g) has a locally parallel structure (l.c.p. for short). That is we require g not to be locally conformally symmetric and moreover it must be locally conformal to a metric admitting a Riemannian holonomy reduction (see [40] for details). Note that such a metric needs not be globally conformally parallel. For results and examples in this direction we refer the reader to [32, 17, 39] and references therein. We prove:
) be a connected and oriented Riemannian manifold and let D be a metric connection with vectorial torsion. If the holonomy representation
is closed. Moreover, either: (ii) g is conformal to a non-flat locally symmetric Riemannian metric on M, (iii) the connection D is flat, or (iv) g admits a l.c.p. structure.
Note that closedeness for (M n , g, D) as above equally holds [1] in case D admits a non-zero parallel spinor. The paper is organised as follows. In Section 2 we start by presenting some well known facts related to the classification of connections with torsion and also to some of their basic properties including the Bianchi identity and the symmetries of the non-Riemannian curvature tensors. Next, and by following [12] essentially, we recall the results on Berger algebras and algebraic curvature tensors we will need in what follows.
Section 3 is devoted to the proof of Theorem 1.1 which is build on the observation that the second symmetric tensor power of the skew-symmetric prolongation space maps into the space of algebraic curvature tensors. This is initially done for irreducible representations and we also apply the results to prove Theorem 1.3. Finally we extend Theorem 1.1 to the case of an arbitrary representation, by using a decomposition algorithm from [12] . In Section 4 we present the proof of Theorem 1.2 whilst in Sections 5 and 6 we prove Theorems 1.4, 1.5 again by reduction to a Lie algebra prolongation problem. Section 7 contains the necessary ingredients for the proof of Theorem 1.6. We use the construction of invariant 4-forms for an orthogonal metric representation given in [33] (see also [3] ) and isolate the algebraic properties which are needed in order to prove closedeness. This enables us to use results from [1] and [12] in order to obtain the classification. Finally, in Section 8 we look at a class of representations which occur naturally when one considers the existence problem for metric connections with skew-torsion. Those representations were classified in [23] under the requirement that their Lie algebra has the involution property. Through arguments similar to those used in the proof of Theorem 1.1, we show that the involutivity assumption can be removed.
Metric connections with torsion
Let (M n , g) be an oriented Riemannian manifold. To the metric g one attaches its Levi-Civita connection ∇ which leaves g invariant and moreover it is torsion free. More generally, a metric connection D on (M n , g) is a linear connection on T M preserving the Riemannian metric, that is Dg = 0. Any such connection D can be written as D = ∇ + η where the tensor η belongs to
for all X in T M and whenever ϕ belongs to T M. Here we have defined the commutator
for all α in Λ 2 M and for all γ in Λ ⋆ M, where {e i , 1 ≤ i ≤ n} is some local orthonormal basis in T M. In what follows we shall identify Λ 2 M and so(T M), by writing any 2-form α as α = g(F ·, ·) for some skew-symmetric endomorphism of T M. Also, we shall systematically use the metric g to identify Λ 1 M to T M. For further computations, it is also useful to note that in some local orthonormal basis
for all F, G in so(T M) with dual 2-forms α = g(F ·, ·) and β = g(G·, ·), where the bracket in l.h.s. is the usual Lie bracket of so(T M).
Consider now the Cartan decomposition
into irreducible components under the action of SO(n). Explicitly, one has
Here, for any p ≥ 0 the total alternation map a :
, where {e i , 1 ≤ i ≤ n} is some local orthonormal frame on M. We also note that the embedding of [11] that there are nine main classes to be considered. In this paper we shall be mainly interested in the class W 1 , when the torsion is given by a 3-form on M and in the class W 3 when the torsion tensor is determined by a 1-form.
Before giving details, we recall that any metric connection D has its curvature tensor
In the case of the Levi-Civita connection it will be simply denoted by R.
for all X, Y in T M. Let us also recall that the Bianchi operator
, where {e i , 1 ≤ i ≤ n} is some local orthonormal frame on M.
2.1. 3-form torsion. Explicitly, a metric connection D belongs to the class W 1 if and only if it is of the form
for all X in T M, where T belongs to Λ 3 M. Here and henceforth, for any T in Λ 3 M and for any X in T M we denote by T X in so(T M) the dual of X T w.r.t. to the metric g, that is X T = g(T X ·, ·). In this case one has T or = T . Specific objects of relevance are the 4-form Ω T in Λ 4 M given by
for some arbitrary local orthonormal frame
where the notation Ω T (X, Y ) = Y X Ω T for all X, Y in T M shall be used constantly in the subsequent. Secondly, we define the tensor
for all X, Y in T M. At this point we recall that the Ricci contraction operator Ric :
whenever Q belongs to ⊗ 2 Λ 2 M and for all X, Y in T M, where {e i , 1 ≤ i ≤ n} is some local orthonormal frame on M. Note that the Ricci operator preserves tensor type w.r.t the splitting
The following is proved by a routine verification which is left to the reader.
Lemma 2.1. The following hold:
Together with D comes its associated exterior derivative
where {e i , 1 ≤ i ≤ n} is some local orthonormal frame on M. It is related to the ordinary exterior derivative d by
It identifies the components of R D along the orthogonal splitting
A few immediately useful consequences of (2.3) are listed above.
Lemma 2.2. The following hold whenever X belongs to T M:
(
Proof. (i) follows by direct computation whilst (ii) is an immediate consequence of (i) and (2.3).
For future use it is also useful to consider the 1-parameter family of metric con-
for all X in T M, where t belongs to R. Then we recover the Levi-Civita connection as well as D from D 0 = ∇ and D 1 = D, respectively. Moreover the torsion type is preserved, since T or(D t ) = tT for all t in R. This type of deformation has been used in various contexts in [6, 34, 2] . We denote by R t the curvature tensor of the connection D t , t ∈ R and we shall work towards obtaining a comparison formula of those tensors with the reference curvature tensor R D .
Proposition 2.1. For any t in R we have:
By also using (2.3) this time for D it follows after comparison that
whenever X, Y belong to T M.The proof of the claim follows now immediately by using the definition of Θ.
Vectorial torsion.
We shall summarise now some of the facts and results we will need concerning connections in the class W 3 . If the connection D is in the class W 3 it can be written as
The following hold:
Since this is needed to clarify when (iii) in Theorem 1.6 occurs we shall briefly examine the geometry of flat connections with vectorial torsion. If D is a metric connection with vectorial torsion determined by θ in Λ 1 M we form a linear connec-
It is torsion free and satisfies D W g = 2θ⊗g, hence it preserves the conformal class c of g. In other words D W is a Weyl derivative and (c, D W ) is a Weyl structure on M (see [10] for more details). The curvature tensors of our two connections are related by On compact manifolds, flat Weyl structures (M n , c, D W ) are well understood (see [24] ). Indeed, if g G is the Gauduchon metric in the conformal class c then (M, g G ) is locally isometric to S 1 × S n−1 . It is not clear though if our flat connection with vectorial torsion can have irreducibly acting holonomy. As well known this does not occur in the case when (M, g) is simply connected and complete.
Prolongations of Lie algebras. Let (V
n , g) be a Euclidean vector space. Given a Lie algebra g we shall say that (g, V ) is an orthogonal representation if there exists a Lie algebra morphism g → so(V ). In case this is injective (g, V ) is called faithful and the Lie algebra g can be identified with a Lie subalgebra of so(V ).Unless otherwise specified we shall deal in what follows only with faithful orthogonal representations.
For any Lie sub-algebra g ⊆ so(V ) we define its first skew-symmetric prolongation by
When g = {0} or so(V ), the skew-symmetric prolongation space equals {0} or Λ 3 V respectively, therefore we shall assume in what follows that g is proper.
Remark 2.1. If V is a real vector space and g a Lie subalgebra of End R V the first prolongation g (1) of g is usually defined by
The skew-symmetric prolongation enters naturally in the sequence
where the map ε ⊥ is obtained by considering the splitting
for all X in V and whenever T is in Λ 3 V . By means of an orthogonality argument it is easy to see that moreover
The projection map ε ⊥ plays an important rôle in the theory of metric connections in the class W 1 . For, given a G-manifold (M n , g, G) such a G-connection exists iff the intrinsic torsion tensor η belongs to Imε ⊥ [22, 23] . [23] that the only such representation is (Spin(7), R 8 ).
Remark 2.2. Following [23] we note that those G-structures such that ε ⊥ is an isomorphism always admit a (unique) connection with totally skew-symmetric torsion. Therefore it is of interest to characterise this maximal case. When G is a Lie group having the involution property it has been showed in
In fact, ε ⊥ is an isomorphism if and only if the g-modules
vanish identically. We shall use this observation later on to describe, in full generality, the case when ε ⊥ is an isomorphism. An important case when the skewsymmetric prolongation space is a priori understood is described below.
be an orthogonal representation and suppose that there exists a spinor ψ = 0 such that gψ = 0. Then
2.4. Algebraic curvature tensors and Berger algebras. In order to study the g-module
) in the case when the defining representation (g, V ) is irreducible, we need to review a number of facts related to formal curvature tensors and to the Berger algebra of (g, V ). To begin with, the space of algebraic curvature tensors on V is given by
where
V is the total alternation map. For any Lie sub-algebra g ⊆ so(V ) the space of g-valued curvature tensors of V is given by
.
Directly from this definition it follows that if
The case when g = g is of special interest and then (g, V ) is called a Riemannian holonomy representation. We recall that the Berger list of irreducible, orthogonal representations is
For irreducible orthogonal representations a precise description of the space of formal curvature tensors is given below (see also [36] for the non-metric case).
is faithful then either:
When K(g, V ) ∼ = R the Lie algebra g is the isotropy algebra of a symmetric space of compact type and the isomorphism is realised by the Ricci contraction map. Also note that instances in (ii) and (iii) correspond to the case when (g, V ) is a Riemannian holonomy representation, that is g = g. For a proof of these facts and more detail on the representations in the Berger list we refer the reader to [8, 9, 12] . We equally need to recall that the main result in [12, Thm.4.6] also implies:
We end this section with a few facts, the first of which is well known [30] , concerning the Ricci tensors of elements in K(g, V ), when in presence of additional invariant objects.The second fact below has been proved in [12] for irreducible representations and here we give it a direct proof.
Proposition 2.5. Let (g, V n ) be a metric representation. The following hold:
Proof.
we arrive at (RicX)x = 0 for all X in V and the claim follows.
for all X in V , after using the Bianchi identity for R. Now the last sum equals
R(e p T )X ∧ e p and since X T ∈ g ⊥ for all X in V , it vanishes. We have shown that RicX T = 0 for all X in V , therefore the non-degeneracy of T yields the vanishing of the Ricci contraction of R.
Structure results and linear holonomy algebras
We shall compute in this section the first skew-symmetric prolongation of a proper Lie sub-algebra g of so(V ), i.e the intersection Λ 3 V ∩(Λ 1 V ⊗g), under the additional assumption that the representation (g, V ) is irreducible. This will be done in several steps, by using the structure results on the space K(g, V ) in Theorem 2.2.
If γ belongs to Λ ⋆ V , let L γ : Λ ⋆ V → Λ ⋆ V be the exterior multiplication with γ, and let L ⋆ γ be the adjoint of L γ . Note that if α = g(F, ·, ·) is a 2-form then one has
F e i e i ϕ whenever ϕ belongs to Λ ⋆ V , where {e i , 1 ≤ i ≤ n} is some orthonormal basis in V . We start by collecting below a few simple observations on the tensors R T , Ω T as they have been defined in section 2.1 for a given 3-form T .
Proof. (i) and (ii) follow by using the definition of R T , Lemma 2.1, (i) together with (2.2) and the fact that T X belongs to g for all X in V , by assumption. (iii) if R T = 0 its Ricci contraction must vanish and the claim follows from Lemma 2.1, (ii) by a positivity argument. (iv) since K(g, V ) is 1-dimensional any of its elements is ginvariant. In particular R T is g-invariant hence so is its Ricci contraction. Because our representation is irreducible, the claim follows now from Lemma 2.1, (ii). 
is the adjoint representation of a compact, simple Lie algebra. In the latter case,
Proof. (i) follows directly from Lemma 3.1, (i) and (iii).
(ii) Let us assume that T = 0 belongs to
for all X, Y in V . Taking X = Y = ζ leads easily to Ω T = 0. By using (2.2) it follows that R T (X, Y ) = 3T T X Y for all X, Y in V . In other words R T ∈ K(h, V ), where the subalgebra h ⊆ g is given by
Since 0 = K(h, V ) ⊆ K(g, V ) and the latter is 1-dimensional we conclude that K(h, V ) = K(g, V ) hence g ⊆ h. Because g = g we must have h = g, in other words (g, V ) is the adjoint representation of a compact, simple Lie algebra (see also [42] for a related question).
In particular, any element
) must be g-invariant since it generates g as above and satisfies Ω T ′ = 0. But any such element can be written as
The irreducibility of (g, V ) makes that Q = λ1 V + F where λ is in R and F is skew symmetric and g-invariant. That is, [T X , F ] = 0 for all X in V which leads, after total alternation, to T F X = 0 for all X in V . The vanishing of F is again granted by the irreducibility of (g, V ) and the proof of the last claim is complete.
Remark 3.2. From the proof of (i) above we see that
Λ 3 V ∩ (Λ 1 V ⊗ g) vanishes when K(g, V ) does,
regardless of the irreducibility of the representation involved.
We are now ready to prove our main result in this section.
is irreducible. The following hold:
is the adjoint representation of a compact, simple Lie algebra;
Proof. (i) By Proposition 3.1 it remains to study the representations in the Berger list (2.7). When g = su(n), sp(m), sp(m)⊕u(1), spin (7), g 2 the skew-symmetric prolongation vanishes, because in these cases the algebra g fixes a spinor and Theorem 2.1 applies. When g = u(m) or sp(m) ⊕ sp(1), m ≥ 2 it is an easy direct exercise to verify that the skew-symmetric prolongation vanishes.
(ii) the proof consists in the examination of the various instances for Λ 3 V ∩(Λ 1 V ⊗g), as indicated in (i).
) and hence it vanishes, making that T = 0.
In analogy with the inductive argument above it is enough to see that
. Since in this case (g, V ) is the adjoint representation of a simple Lie algebra, let ϕ in
for all X in V , where ζ belongs to V . If ζ = 0, by using that β is a 4-form we get that ζ ϕ = 0, a contradiction since the Cartan form of a simple Lie algebra is non-degenerate. Therefore ζ = 0, hence β = 0, and we have showed that Λ 4 V ∩ (Λ 2 V ⊗ g) = {0} in this case as well.
Theorem (3.1) can now be directly applied to obtain a classification of the holonomy algebras generated by a 3-form or equivalently of the holonomy algebras of connections with constant torsion in flat space. Indeed, given a linear 3-form T = 0 in Λ 3 V one forms the connection
Here V is equipped with its flat metric and ∇ is the associated Levi-Civita connection. The connection ∇ T is metric and its torsion is totally skew-symmetric, given by the form T . The holonomy algebra h In other words the study of the representation (g ⋆ T , V ) reduces to the case when it is irreducible. Proof of Theorem 1.3 : Since by construction we have that T belongs to
it suffices to apply Theorem 3.1.
Reducible representations. To compute Λ
3 V ∩(Λ 1 V ⊗g) in full generality it is necessary to examine the case when the representation (g, V ) is reducible. Indeed, we consider the orthogonal splitting
where g acts trivially on V 0 and each of the representations (g,
and letπ k : g → so(V k ) the restriction of our original representation toV k . Finally, we consider the idealĝ
Proposition 3.2. Let (g, V ) be faithful and orthogonal. We have that
Proof. Let us pick T in Λ
for the corresponding decomposition of T . Then for any v in V k , 1 ≤ k ≤ d we have T vVk = 0 and since T v belongs to g it follows that T k belongs to Λ 3 V k ∩ (Λ 1 V k ⊗ĝ k ) for all 1 ≤ k ≤ d and the claim follows easily.
The decomposition algorithm used above has been first presented and used to obtain a similar result for the space K(g) in [12] . Since the representations (ĝ i , V i ) may be still reducible, it is helpful to make the following straightforward: ⊥ then:
Whereas this does not iterate well, it can be used for the computation of a gmodule splitting as the skew-symmetric prolongation does. Proof. If Λ 3 V ∩(Λ 1 V ⊗g) = {0} the representation is of type (iii) and there is nothing to prove. We assume now that the skew-symmetric prolongation of (g, V ) does not vanish and that our representation is reducible. Since (g, V ) is faithful, it cannot be trivial, therefore Proposition 3.2 implies the existence of some 1 ≤ p ≤ d with
We split orthogonally g =ĝ p ⊕ǧ p ⊕l whereǧ p = so(V p )∩g and l = (ĝ p ⊕ǧ p )
⊥ and note that (ĝ p ⊕ l, V p ) is faithful and irreducible by Lemma
. By applying Theorem 3.1, (i) it follows thatĝ p ⊕ l is a simple Lie algebra. Becauseĝ p = 0 either the ideal l vanishes and hence (ĝ p , V p ) splits out as a direct factor of type (i) or (ii), or V p is 4-dimensional andĝ p = Λ 
If there exists another metric connection
in the class W 1 preserving the G-structure the subbundle g ⊆ Λ 2 M is preserved by both D and D ′ . It follows that
for all X in T M. In other words the difference T − T ′ belongs, at any point of M, to Λ 3 M ∩ (Λ 1 M ⊗g) where we have defined the extensiong of the holonomy algebra
Clearly, both Λ 3 M ∩ (Λ 1 M ⊗g) andg define subbundles of Λ 3 M and Λ 2 M respectively, since they parallel w.r.t. the connection D.
Proof of Theorem 1.2:
We start working on the representation (G, V ) at a given point of the manifold M. Let us consider the Lie subgroup of O(n) given byG = {g ∈ O(n) : g ⋆ g ⊆ g}. The Lie algebra ofG clearly equalsg and moreover (G, V ) is irreducible since G ⊆G. As indicated above, we need to examine the skew-symmetric prolongation space
does not act irreducibly then K(g) = {0} by Proposition 2.4 and then the skew-symmetric prolongation space vanishes as well (see also Remark 3.2). When (g, V ) is irreducible, using Theorem 3.1 yields that
is the adjoint representation of a compact, simple, Lie algebra. If this is the case,g = g hence the D-parallel bundle Λ 3 M ∩ (Λ 1 M ⊗g) has real rank one. Therefore, if t of unit length is a generator of the latter subbundle it must satisfy Dt = 0 and Ω t = 0. That the last equation is equivalent to t 2 = 1 in the Clifford algebra bundle Cl(M) has been observed in [43] .
Killing frames on Riemannian manifolds
Let (M n , g) be a Riemannian manifold and let D be a metric connection in the class W 1 with torsion form T in Λ 3 M. We wish to investigate here which are the situations when the connection D is flat. A key rôle in our approach will be played by the cubic deformation D 1 3 the use of which shall be also useful in arriving at a Lie algebra prolongation problem.
Lemma 5.1. Let us assume that the connection D is flat. The following hold:
By identifying components along the splitting
The vanishing of Θ combined with (i) in Lemma 2.2 yields
for all X in T M. The parallelism of T w.r.t D actually reads
for all X, Y in T M,after using also the definition of R T and (2.2).
We recall that the action so(
for all X, Y in T M and whenever (F, Q) belongs to so(T M) × K(M), where the usual identifications apply.
Proof of Theorem 1.4:
At the same time it has been shown in [16] that (M n , g) is a locally symmetric space that is ∇R = 0. Since R is proportional to R T combining these two facts yields
for all X in T M. In other words, at each point of M the tensor R T is g ⋆ T -invariant. At a fixed point m of M we consider the splitting of
into irreducible components under the action of g ⋆ Tm , where V 0 is a trivial factor. By (ii) in Lemma 5.1 the holonomy algebra hol(D
In this case it follows from (5.1) that R T i must have constant non-zero sectional curvature, hence the same is true for the metric g i . Now it has been shown in [16] that the only possibilities here are up to homothety S 3 , S 7 with the round metric.
(ii) when (g
, T M i ) is at each point of M i the adjoint representation of a simple, compact Lie algebra. Then Ω T i = 0 vanishes hence T i is parallel w.r.t. the Levi-Civita connection of g i by using (i) in Lemma 5.1. The fact that (M i , g i ) is isometric to a Lie group with a bi-invariant metric is now straightforward, see e.g. [16] for details.
A class of Plücker type embeddings and k-Lie algebras
Using the computation of the skew-symmetric prolongation of a Lie algebra of compact type we have obtained previously, we shall present here a class of Plücker type relations, which have been first considered and treated in dimensions up to 8 in [21] . Our present context will be that of a Euclidean vector space (V n , g). We are interested here in the class of forms T in Λ p V, p ≥ 3 satisfying
ζ is the adjoint of the exterior multiplication by ζ. When p = 3 every form T subject to (6.1) induces a Lie algebra structure on V which is given by [X, Y ] = T X Y for all X, Y in V (see also [42] for a related question). We recall that a p-form is called decomposable if it can be written as the sum of mutually orthogonal simple p-forms.
Note that the classical Plücker relations (see [27, 19] ) for a p-form T state that T is decomposable if and only if it satisfies (6.2) L ⋆ ζ T ∧ T = 0 whenever ζ belongs to Λ p−1 V . The Euclidean version of a conjecture in [21] states that any p-form, p ≥ 4 satisfying (6.1) on a Euclidean vector space must be decomposable. To prove this is indeed the case let us first observe the impact of having (6.1) satisfied for some form T on its isotropy algebra. Recall that the latter is defined by
and also that the representation (g T , V ) is orthogonal and faithful. At the same time let us consider the Lie algebra
A form T in Λ p V satisfies the Plücker relations (6.1) if and only if one has r T ⊆ g T . Both g T and r T have good splitting properties and in order to progress in that direction we make:
Proof. (i) since (r T , V ) is an orthogonal representation it splits as
Proof of Theorem 1.5:
The defining equation (6.1) actually says that T belongs to
Let us assume now that T is irreducible. Since T = 0, by using Theorem 3.1, (ii) it follows that g T = so(V ). In this case T must be invariant under so(V ), hence proportional to a volume form. In particular this forces the equality n = p. The general case follows now by using the splitting result in Proposition 6.1, (ii).
6.1. Metric n-Lie algebras. The Plücker relations (6.1) are related, as it has been observed in [21] to the class of the so-called n-Lie algebras. More precisely,
Definition 6.2. Let V be a vector space over R (not necessarily of finite dimension).
Then a n-Lie algebra structure on V consists in a map
Finally, let us call a metric n-Lie algebra Euclidean iff its associated bilinear form is positive definite. To see that one can classify finite dimensional, Euclidean n-Lie algebra we need to recall first
whenever X k , 1 ≤ k ≤ n + 1 belong to V , satisfies the Plücker type relations (6.1).
This is very similar to the construction of the Cartan 3-form of a metric Lie algebra. By using Theorem 1.5 we immediately obtain the following. Theorem 6.1. Let V be a finite dimensional Euclidean n-algebra. If the form T is irreducible then either V is a Lie algebra or n = dim R V − 1, in which case T is proportional to a volume form.
The holonomy of connections with vectorial torsion
This section is devoted to the study of the holonomy representation of metric connections with torsion of vectorial type. Particular attention will be paid to the properties of invariant 4-forms, for those shall be used to obtain geometric information in our situation.
7.1. Invariant forms and Casimir operators. Let us consider again a Euclidean vector space (V n , g), n ≥ 5 equipped with a faithful action of some Lie algebra g, therefore considered as a subalgebra of so(V ). The existence problem of g-invariant forms on V has been considered in [33] by means of the following construction.
Definition 7.1. The characteristic form of the representation (g, V ) is given by
where a :
V is the alternation map.
Clearly T g in Λ 4 V is g-invariant and if the representation (g, V ) is induced by that of a Lie group G then T g is invariant under G as well.To consider the case when the characteristic form vanishes we also need: On a given representation minimality turns out to be a strong requirement as the following shows. Proposition 7.1. Let (g, V ) be faithful and metric. Then:
Proof. (i) follows immediately from the definition of T g , since 1 g belongs to S 2 (g). (ii) supposing that T g = 0, it follows by (i) that 1 g ∈ K(g, V ) hence Ric(1 g ) = 0 by Proposition 2.5, (i), since g preserves a spinor. But
for all X, Y in V , where {x k } is an orthonormal basis in g ⊆ so(V ) ∼ = Λ 2 V , w.r.t. the form inner product. It follows that Ric(1 g ) vanishes if and only if (g, V ) is the trivial representation, a contradiction.
All entries in the Berger list (2.7) but the first and u(m), sp(m)⊕sp(1) fix a spinor and therefore cannot be minimal. Moreover a direct verification using this time (i) in the Proposition above shows that u(m) and sp(m)⊕sp(1) are not minimal neither, making that only so(n), n = 4 is. On the contrary, the adjoint representation of a semisimple Lie algebra is minimal as well as any irreducible representation of a Lie algebra on a 5-dimensional Euclidean space. In fact, the list of minimal irreducible representations has been given in [33] in terms of their associated symmetric spaces.
Various properties of a representation can be described in terms of the Casimir operators
We have that C k ≥ 0 for all k ≥ 0 and when k = 1 the operator C 1 gives actually an element in S 2 V , which is invariant under g, that is [g, C 1 ] = 0. Therefore, when (g, V ) is irreducible we must have C 1 = µ1 V for some µ in R which is computed from the trace of C 1 by
A technical observation we shall need is that a straightforward verification yields
It implies that for any orthogonal representation (g, V ) we have
, where π g : Λ 2 V → g is the orthogonal projection. We now need two preparatory Lemmas which are directly related to the geometry of G-structures of vectorial type.
be a faithful and irreducible orthogonal representation such that
Proof. We split
⊆ g ⊥ and after use of the Jacobi identity. Since our representation is irreducible, we have C 1 = µ1 V where µ is given by (7.1). Because L ⋆ F T g = 0, from (7.3) we get after identifying components along
where C is the Casimir operator of so(V ), which, as well known, is given by C = 2(n − 2). It follows that (2µ − 2 − 2(n − 2))A = 0. If A = 0 by using (7.1) we get dim R g = n(n−1) 2 whence g = so(V ), a contradiction. Thus A = 0 and the claim is proved.
It is now necessary to supplement Lemma 7.1 by the following elementary Lemma 7.2. Let (g, V n ), n > 4 be a an orthogonal and faithful representation.
Proof. (i) Since the argument is standard it will only be outlined. Let m be the space above which we assume to be non-zero. By definition [m, We conclude by using that so(V ) is a simple Lie algebra as we have assumed that n > 4.
(ii) Supposing that F = 0 it follows from Lemma 7.1 that F belongs to g ⊥ hence g is a symmetric Lie subalgebra of so(V ) by (i). Since (g, V ) is irreducible, consulting the tables in [29] leads to g = u(
n 2 ) where 2n = dim R V . In this case T g is proportional to ω ∧ ω where ω is the standard Kähler form on R 2n . However, from
) hence the second equation in (7.4) leads to F = 0, a contradiction. 7.2. The classification. The last ingredient we need in order to state and prove our main result in this section is the exactness criterion for closed 1-forms in the following Lemma. We can now make the following. Proof. Let us denote by g the Lie algebra of the Lie group G. At a given point of the manifold we consider the G-invariant form T g which can be then extended over M, by using parallel transport, to a parallel form w.r.t to D. Since the curvature tensor R D of the connection D lies in Λ 2 M ⊗ g, by evaluation of (ii) in Proposition 7.1 on g ⊥ ⊗ g ⊥ we find that
Since DT g = 0 we have [1] (7.5)
Applying d
⋆ to the second equation above it follows easily that
provided that n = 4. The proof of the claim in (i) is obtained now by applying Lemma (7.1) to the 2-form dθ.
(ii) By (i) the 1-form θ is closed hence the curvature tensor R D belongs to K(g) at any point of M, after also using (i) in Proposition 2.2. If K(g) = 0 then the connection D must be flat. Otherwise (g, V ) is again irreducible by Proposition 2.4 and thus K(g) is 1-dimensional, generated (at some point of M) by a g-invariant curvature tensor R g . The normalisation of R g to have Ricci tensor equal to the metric ensures its G-invariance so by parallel transport we extend R g over M such that DR g = 0. Hence
for some smooth function λ on M, which moreover turns out to be non identically zero. Indeed the vanishing of λ would imply that of R D and hence the vanishing of g by using the Ambrose-Singer holonomy theorem, a contradiction with the irreducibility of (g, V ). Now, the differential Bianchi identity for the connection D reads (see [5] ):
for all X, Y, Z in T M, where σ denotes the cyclic sum. Because the torsion tensor of D is given by
whenever X, Y, Z in T M. By also using (7.6) and the fact that DR g = 0 we arrive at
for all X, Y, Z in T M, which is easily seen to imply that dλ + 2λθ = 0. Using Lemma 7.3, it follows that λ is nowhere zero and θ = −dln |λ|. Let us consider now the Riemannian metricĝ = ε 2 g, where ε = |λ|. We will show that (M,ĝ) is a locally symmetric space by examination of the conformal transformation rules for the relevant objects. First of all, using the Koszul formula for the Levi-Civita connections ∇ and ∇ĝ one easily arrives at
for any smooth vector fields X, Y on M, fact which leads after a straighforward calculation to Rĝ = R D . Therefore (7. for all X, Y, Z in T M. We have showed that ∇ĝRĝ = 0, in other words (M n ,ĝ) is a locally symmetric space. (iii) is an immediate consequence of the fact that θ is closed and of the behaviour of the holonomy algebra of D, after operating a conformal change in the metric, as the calculations in (ii) show.
An alternative partial proof of (i) in the Theorem above builds on the observation that dθ ∧ T g = 0, as it easily follows by differentiating the first equation in (7.5). Indeed, it is enough to prove the following fact, well known for orthogonal representations on the Berger list. Let (g, V ) be a faithful orthogonal representation. We seek here to obtain a description of representations having the property that the map
Under the additional assumption that g has the involution property, which includes the case when g is a simple Lie algebra it was shown in [23] that (8.1) forces the equality (g, V ) = (spin(7), R 8 ). We shall treat in this section, from a different perspective the general case. We observe first that: In particular, it follows that the map
is injective. Let us suppose now that we have an orthogonal splitting V = V 1 ⊕ V 2 which is also g-invariant. Then V 1 ∧ V 2 ⊆ g ⊥ and since
for all v k in V k , k = 1, 2 we obtain a contradiction.
We also need to establish the following general fact. Proof. Let us show first that I is well defined. If S is in S 2 (g) a short computation using (7.2) shows that for all α in g, where {x k } is some orthonormal basis in g. If moreover Ric(S) = 0, it follows that L ⋆ α a(S) belongs to g for all α in g and one sees that I(S) belongs to S 2 (g ⊥ ) by using an orthogonality argument. Let now S in S 2 g ∩ Ker(Ric) be such that I(S) = 0. Then L ⋆ α a(S) = 0 for all α in g ⊥ , and since L ⋆ α a(S) belongs to g for all α in g it follows that a(S) is in Λ 4 V ∩ (Λ 2 V ⊗ g), hence a(S) = 0. But then S must belong to K(g) and so it vanishes.
We can now prove the following. Proof. Since our representation must be irreducible, we shall treat the various occurrences for K(g) as Theorem 2.2 indicates. Also note that the dimension of the Lie algebra g is given by (8.2) dim R g ⊥ = 1 6 (n − 1)(n − 2).
since ε ⊥ is an isomorphism, in particular g is a proper subalgebra of so(V ). If K(g) = {0} or if it is 1-dimensional, then we must have Λ 4 V ∩ (Λ 2 V ⊗ g) = {0} for n ≥ 4, as it follows from Theorem 3.1, (ii). Now by Proposition 8.1, the map I : S 2 g ∩ Ker(Ric) → S 2 (g ⊥ ) is injective, hence
It follows that dim R g ≤ dim R g ⊥ + n, which leads to n 2 ≤ 4 + 3n after using (8.2). Thus n ≤ 4, and the equality case can be excluded because then g would be 5-dimensional and dim R S 2 g = 15 dim R S 2 g ⊥ + dim R S 2 V = 1 + 10 = 11.
It remains to treat the entries present in the Berger list (2.7). It is an easy exercise to see that all entries but the 6-th can be excluded for dimensional reasons. Hence only the case (g, V ) = (spin(7), R 8 ) is eligible, when moreover (8.1) is known to hold [31, 23] , and the proof is complete.
Remark 8.1. Another interesting g-module is (Λ 1 V ⊗ g) ∩ Kera ⊆ Λ 1 V ⊗ g. It appears naturally in the study of holonomy groups of Lorentzian metrics in connection with the so-called weak Berger algebras [35] . It seems not unlikely that techniques similar to those in this paper could lead to a characterisation of the instances when (Λ 1 V ⊗ g) ∩ Ker(a) vanishes.
